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An empirical relation is given for the universal t curve of multimolecular nitrogen 
adsorpt,ion, relating the thermodynamic potential of the adsorbed layer at 78°K to its 
thickness. With the aid of this relation, the equations for the thickness of the adsorbed 
layer in a cylindrical pore and the pressure at which spont,aneous capillary condensation 
takes place, dependent on pore radius, as given in the preceding part, A, of this series, 
have been solved numerically. A general equation is derived for the calculation of pore 
distributions in the case of cylindrical pores, making use of the given concepts. Examples 
of applicat,ion to the pore distribution analysis of nitrogen sorption isotherms already 
published are given. For comparison, the results of a pore distribution calculation along 
the adsorption branch of the same isotherms, but making use of the Cohan equation for 
capillary condensat’ion, are given. The results of t,he former method compare favorably - ” _ 
with those of the latter. 

1. I~-TRoDuCTI~~ 

In the preceding part, A, of this series 
(Article IX, preceding paper in this issue), it 
was shown, on grounds of simple thermody- 
namic reasoning, that the thickness of the 
adsorbed layer in a cylindrical pore is 
expected to be different from that on a flat 
surface at the same pressure. With increas- 
ing pressure the adsorbed film, in an open 
cylindrical pore, becomes unstable at a cer- 
tain pressure, leading to a spontaneous filling 
of the pore by capillary condensation. After 
filling hysteresis is found during desorption 
by the presence of a different form of me- 
niscus, capillary evaporation during desorp- 
t.ion taking place at a Iower relative pressure. 
Such a pore model may be adequate in de- 
scribing isotherms showing an A-type hys- 
teresis loop. Evidently, the formulas derived 
in the preceding part of this article may be 
applied to pore distributions along the ad- 

sorption branch of the isotherm (and also to 
the desorption pa,rt with the aid of the 
modified Kelvin equation) if a mathematical 
expression is known for the t curve of multi- 
molecular nitrogen adsorption [Article VI of 
this series (I)] in terms of RT In (pO/p) as a 
function of t. Such a mathematical expres- 
sion will be given in the following sections. 
Numerical values will be given for the radii 
of pores spontaneously filling with capillary 
condensate at a given relative pressure. 
With the aid of these values, the pore 
distribution may be calculated. 

2. THE t CURVE 

Experimentally found values for the 
universal t curve of multimolecular adsorp- 
tion on different inorganic oxides, on 
carbon blacks, and on barium sulfate have 
been given in Part VI of this series (1). For 
all these different preparations, the adsorp- 
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tion expressed as 3.54 V,/V,, could be 
represented by a single line, at least up to 
relative pressures of 0.75 to 0.8. At higher 
relative pressures, some divergence between 
the curves is found, probably on account of 
interparticle capillary condensation. The 
t curves for titanium dioxide, barium 
sulfate, and flame-hydrolyzed alumina form 
a common line, the position of which is 
somewhat lower than that of the other 
curves. We may expect for this group the 
influence of interparticle capillary condensa- 
tion to be least. The common adsorption 
isotherm for these preparations has been 
chosen as the reference curve for relative 
pressures exceeding 0.8. 

Up to a relative pressure of 0.75 to 0.8, 
the t curve may be expressed by an empirical 
relation of the Harkins-Jura type, as was 
shown in a previous publication (2) 

log (P/PO) = 0.034 - 13.99/t2 (1) 

An isotherm of this type corresponds to a 
finite number of adsorbed layers at satura- 
tion pressure. In the case of nitrogen, Eq. (l), 
on extra olation, would predict a thickness 
of 20.3 H for the adsorbed layer at satura- 
tion. The t values published in Part VI of 
this series (1) rather suggest an asymptotic 
approach of the isotherm toward saturation, 
leading to an infinite thickness and a 
continuous transition from adsorbed phase 
to bulk liquid phase. For nitrogen, there is 
no reason to assume that the isotherm cuts 
the axis p/p0 = 1 at finite thickness of the 
adsorbed layer. In fact, it may easily be 
shown from the equations derived in Part IX 
of this series for the capillary condensation 
during adsorption, that in the case of a finite 
number of adsorbed layers at saturation, it 
would be impossible to fill pores larger than 
a certain critical radius with capillary 
condensate during adsorption, even very 
near to the saturation pressure. 

Experimentally, this would lead to a 
cutting of the adsorption isotherm at 
saturation, even in the case of wide-pore 
adsorbents. For such adsorbents, no indica- 
tions of this behavior on reaching saturation 
are found in practice. In accordance with the 
preceding discussion, it is found that at 
relative pressures exceeding 0.8, the t values 

corresponding to Eq. (1) are lower than 
found in practice. A better empirical 
representation is given by the following 
equation : 

log (plpo) = - 16.1 l/t” 
+ 0.1682 exp (-0.1137 t) (2) 

This equation represents the experi- 
mentally found t values at least up to 0.96 
relative pressures. At higher pressures, no 
accurate data are available for the thickness 
of the adsorbed layer at the present. 
Extrapolation of (2) leads to an infinite 
number of layers adsorbed at saturation. 
Equation (2) has been used as a representa- 
tion between 0.8 to 1.0 relative pressure. At 
the lower range of relative pressures, (2) 
represents the t curve as accurately as (l), 
down to 0.40 relative pressure. However, 
below 0.8 relative pressure, that is, for 
thicknesses of the adsorbed layer less than 
10 & Eq. (l), being the more simple of the 
two, is favored for practical uses. It may be 
stressed that no particular physical sig- 
nificance has been attributed to the different 
terms and constants in Eqs. (1) and (2). 
These equations are mere products of 
convenient curve-fitting procedures. As such, 
they have proved to be useful for our 
purposes. Other representations of a differ- 
ent mathematical form may be found, 
starting from well-known adsorption equa- 
tions, as for example the BET equation (2). 

From Eqs. (1) and (2), it is immediately 
clear that for the adsorption of nitrogen at 
its normal boiling point, Eq. (12) of Part IX 
of this series may be written as 

- /.LL _ -13.99 
2:;03Rl - - t2 

+ 0.034, for (t 5 10 A), (3a) 
VlZ., 

-16.11 
;:3;3i& = - t2 
+ O.l682exp(-O.l137t),fort > 10s (3b) 

These relations enable the numerical evalua- 
tion of Eqs. (13) and (14) of Part IX of this 
series, governing the thickness of the 
adsorbed layer and the relative pressure of 
capillary condensation in cylindrical pores 
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during adsorption, as well as the corre- 
sponding Eq. (15), the modified Kelvin 
equation for capillary evaporation during 
desorption. 

3. THE EQUILIBRIUM THICKNESS 
OF THE ADSORBED LAYER AS A FUNCTION 

OF PORE RADIUS AND PRESSURE 

On substitution of the relations (3a) and 
(3b) in Eq. (13) of the preceding part of this 
series, and on making use of the following 
data for liquid nitrogen at 78”K, 

y = 8.72 erg/cm2, 
V, = 34.68 cm3/mole, 

the following relations are obtained for the 
equilibrium thickness, t,, of the adsorbed 
layer, as a function of pore radius 

log ; 
0 

13.99 
- t,2 + 0.034 = e (44 

for t, values less than 10 A. For higher values 
of t, the equation takes the numerical form 

log p 0 16.11 
- 7 -I- 0.1682 exp(-0.1137 te) 

e 

= fi (4b) 

The numerical values for t, may be 
evaluated as a function of r and P/PO. 
Equation (4a) is a cubic equation in t, and 
may be evaluated by means of standard 
methods of solving cubic equations (S), and 
picking out the physically possible root. 
Equation (4b) has to be solved by means of 
trial and error. Newton’s iteration method 

(4) proved to be very useful, although 
convergence may be slow in the neighbor- 
hood of saturation. In this way a complete 
table may be set up. A shortened version of 
the table set up by us is presented in 
Table 1. 

4. A FORMAL THICKNESS 
OF THE ADSORBED LAYER 
IN CYLINDRICAL PORES 

From Table 1, and on comparing with the 
values for the thickness of the adsorbed 
layer at a flat surface, as given in Part VI of 
this series (I), it is clear that in cylindrical 
pores the equilibrium thickness, t,, of the 
adsorbed layer is larger than the corre- 
sponding 2 values on a flat surface at the 
same pressure, even before capillary con- 
densation takes place. The question arises 
whether deviation from the linear t plot, 
already frequently observed in the low- 
pressure region (below p/p0 = 0.4) for 
sorption isotherms exhibiting an A-type 
hysteresis loop, has to be attributed to 
capillary condensation solely, or, in the 
first instance, to the increase in layer 
thickness with respect to that on a flat 
surface, the reference scale of the t plot. 

If we define the formal layer thickness as 

tf = va/s, 
where V, is the volume of the adsorbed phase 
in the pore and S is the total surface area of 
the pore wall of a cylindrical pore of radius T, 
the formal thickness is related to the 
equilibrium thickness, t,, by 

If = t&l - t,/2r> (5) 

TABLE 1 
THE EQUILIBRIUM THICKNESS (A) OF THE ADSORBED LAYER IN CYLINDRICAL PORES 

AS A FUNCTION OF r AND p/p0 

P/PO m 92.8 49.5 33.8 25.8 20.7 17.2 14.2 11.7 9.30 

0.9 14.3 25.1 
0.8 10.5 11.8 15.7 
0 .7 8.57 9.21 10.4 12.9 
0.6 7.36 7.76 8.21 8.95 11.0 
0.5 6.50 6.70 6.98 7.36 7.94 9.50 
0.4 5.71 5.85 6.03 6.25 6.54 7.01 8.35 
0.3 5.01 5.11 5.23 5.37 5.53 5.76 6.13 7.21 
0.2 4.36 4.44 4.51 4.59 4.69 4.81 4.97 5.25 6.13 
0.1 3.68 3.72 3.76 3.81 3.85 3.91 3.99 4.09 4.28 4.97 
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TABLE 2 
THE FORMAL THICKNESS (11) OF THE ADSORBED LAYER IN CYLINDRICAL PORES 

AS A FUNCTION OF T AND p/p0 

r (ii, 

PIP0 00 92.8 49.5 33.8 25.8 20.7 17.1 14.2 11.9 9.30 

0.9 14.3 21.7 
0.8 10.5 11.0 13.2 
0.7 8.57 8.76 9.10 10.4 
0.6 7.36 7.43 7.53 7.76 8.65 
0.5 6.50 6.46 6.49 6.56 6.72 7.32 
0.4 5.71 5.67 5.66 5.67 5.71 5.83 6.31 
0.3 5.01 4.98 4.96 4.94 4.94 4.95 5.03 5.38 
0.2 4.36 4.33 4.29 4.28 4.26 4.25 4.25 4.28 4.53 
0.1 3.68 3.65 3.62 3.59 3.57 3.55 3.52 3.51 3.50 3.64 

If the formal thicknesses for a number of 
pore radii are plotted against the thickness 
of the adsorbed layer, t, at a flat surface at 
the same pressure, it turns out that although 
the equilibrium thickness of the adsorbed 
layer is increased appreciably, for the lower 
pressure region the formal thickness often is 
very close to the t value at a flat surface. In 
Table 2, the formal thickness is given for the 
equilibrium thicknesses of Table 1. For not 
too large radii, the formal thickness only 
deviates appreciably from the t values at a 
flat surface in the neighborhood of the 
pressure where spontaneous capillary con- 
densation is to be expected (see next section). 
Thus, upward deviations from the linear 
t plot at pressures below, say, 0.4 relative 
pressure, are an indication of capillary con- 
densation, and of the presence of narrow 
pores filling at a low relative pressure. Of 
course, for pores of radius of the same order 
as the thickness of the adsorbed layer, the 
upward deviation upon capillary condensa- 
tion is negligible and the filling of these pores 
only results in a downward deviation at 
increasing pressure on account of blocking. 
These pores clearly escape analysis along the 
lines given in this section. 

5. THE PRESSURE AT WHICH CAPILLARY 
CONDENSATION TAKES PLACE 

At a certain pressure, the whole cylindrical 
pore is filled instantaneously with capillary 
condensate, on account of the lack of 
stability of the cylindrical adsorbed layer 

at the walls of the pore. With this pressure 
of filling corresponds a critical layer thick- 
ness, which may be calculated from Eq. (14) 
of Part IX of this series, with the aid of the 
expressions (3a) and (3b) for the thermody- 
namic potential of the adsorbed layer. This 
critical thickness, tcr, is given by 

27.98/tcr3 = 2.026/(r - i,,)2, for t,, _< 10 8 

viz., 

32.22/t,r3 - 0.1682 
X 0.1137 exp (-01137 t,,) 

(64 

= 2.025/(r - tcJ2 for t,, > 10 8 (6b) 

Equation (6a), again, is a cubic in t,,, and 
may be solved directly (3). Equation (6b) 
has to be solved by means of trial and error 
methods, e.g., the well-known iteration 
method of Newton (4). From the critical 
value for the equilibrium thickness of the 
adsorbed layer corresponding to a given 
pore radius, the corresponding pressure may 
be calculated with the aid of Eqs. (4a) 
or (4b). 

It is well to realize that in all cases the 
critical thickness is finite, and that capillary 
condensation during adsorption is to be 
pictured as a discontinuous process, leading 
to a sudden stepwise increase in the amount 
adsorbed by the pore, for the critical 
thickness, &/&p/p), becomes infinite, which 
is an indication of the instability of the 
adsorbed layer at the critical pressure. An 
example of the behavior of t as function of 
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FIG. 1. The equilibrium thickness of the adsorbed nitrogen layer in a cylindrical pore of 25.8-A radius (R), 
as a function of pressure, in comparison with the corresponding thickness of the adsorbed layer at a flat 
surface. 

p/p0 in the neighborhood of the critical 6. GENERAL FORMULA 
pressure is given in Fig. 1. FOR THE CALCULATIOK 

In Table 3, the solutions of Eqs. (6) are OF PORE DISTRIBUTIOh-S 
given for certain relative pressures. For ALONG THE ADSORPTION BRANCH 
comparison, the radii as calculated by 
means of Cohan’s equation at the same 

OF AN ISOTHERM, MAKING USE 

relative pressures, have been added to the OF THE MODEL OF CYLINDRICAL PORES 

table. It is seen that for each relative In principle, the calculation of pore 
pressure the radii as calculated by means of distributions from the adsorption branch of 
Cohan’s equation are smaller. an isotherm may be performed along the 
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TABLE 3 
RADII IN (iI OF OPEN CYLINDRICAL PORES AND THE CORRESPONDING PRESSURES 

AT WHICH SPONTANEOUS CAPILLARY CONDENSATION TAKES PLACE 

P/PO 

C-9975 

0.9925 

0.9875 
0.9825 

Radius, according Radius, according 
to Eq. (6) to Cohan’s equation 

2450 1990 

905 691 

576 423 
428 306 

0.9775 344 240 

0.9725 2d9 19s 

009675 251 168 

009625 221 146 

009575 Iy3 I30 

oe9525 180 117 

0.9475 164 106 

0.9425 152 97.5 

o‘-9375 Ii+1 90.2 

o.Yj25 131 84.0 

0.9275 123 78.6 

0.9225 115 73 9 0 

o-9175 109 69.8 

0.9125 103 tGJ.1 

0.90’75 97.6 62.8 

0.9025 92.8 59.7 

Oe89 82.6 53.7 

0.87 70.4 46.1 

0.85 61.6 40.6 

0.83 54.8 36.2 

0.81 49-5 32.8 

O.'lY 4502 30.0 

0.77 41.6 27-7 

0.75 38.6 25.6 

o-73 36.0 23.9 

0.71 33.8 22.4 

0.69 31.8 21.0 

0.67 30.0 19.8 

lines developed by Barret, Joyner, and It is possible to divide the whole range of 
Halenda (6) for cylindrical pores. A com- pore diameters into certain groups of 
plication, however, is formed by the fact specified mean pore diameter, and to assign 
that, according to Eqs. (4), the thickness of to each group a corrected t curve, the proper 
the adsorbed layer in cylindrical pores is not thickness of the adsorbed layer as a function 
only dependent on the relative pressure, but of pressure t.o be calculated by means of 
also on the pore radius. Eq. (4). As the number of data is increasing 
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0.65 

0.63 

0.61 

0.59 

0.57 

0.55 

0.53 

0.51 

0.49 

0.4'7 

0.45 

0.43 

0.41 

0.39 

0.37 

0.35 

0.33 

0.31 

0.29 

0.27 

0.25 

0.23 

0.21 

0.19 

0.17 

0.15 

0.13 

0.11 
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TABLE 3 (Continued) 

Radius, according Radius, according 
to Eq. (6) to Cohan’s equation 

26.5 18.8 

2.7.1 17.8 

25.8 16.9 

24.6 16.1 

23.5 15.3 

22.4 1 A:.'[ 

21.6 14.0 

20.7 13.5 

19.8 13.0 

19.1 12.4 

18.4 11.9 

1'7.7 lle5 

17.1 11.1 

16.5 10.6 

1509 10.1 

15.3 g.00 

14.8 9.41 

14.2 9.05 

13.7 8.71 

13.2 8.38 

12.7 8.05 

12.2 7.73 

ll.~/ '1043 

11.3 7.12 
10.8 6.60 

10.3 6.50 

9.80 6.18 

9.30 5.85 

21 

quickly with the number of groups of pores 
with specified mean diameter, the method of 
calculat~ion, although in principle very 
simple and straightforward, is too lengthy 
to be performed on a desk calculator or 
slide rule for routine work. If, however, a 
high-speed electronic computing device is 
available, no difficulties are encountered, as 
the calculation method is easy to program 
and the data of Eq. (4) only need to be 
calculated once and stored for later use. If 
such a device is lacking, or for routine 
calculations, a simple approximation method 

is possible, neither more complicated nor 
more lengthy than an ordinary pore dis- 
tribution calculation. The method will be 
given in Section 9. 

The equilibrium thickness of the adsorbed 
layer in a pore of radius ok, at a relative 
pressure zk, will be denoted by &.=k. To 
perform in practice the distribution calcula- 
tion, the isotherm is divided into a suitable 
number of intervals, each interval corre- 
sponding to a certain small relative pressure 
range. For simplicity the calculation is 
performed in reverse sequence with respect 
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to the actual measurement of the adsorption 
branch: the calculation is started at satura- 
tion, when all the pores are filled with 
capillary condensate. Thus the first interval 
corresponds, for example, to a pressure range 
of 1.000 to 0.995 relative pressure. In general, 
the lath interval is bounded by x+-1), the 
upper pressure bound, and xk, the lower 
pressure bound. The change in volume of the 
adsorbed and condensed phase present in the 
pores of the adsorbent, over a certain pres- 
sure interval, is made up of two contributions : 

(1) Upon increasing the relative pressure 
from xk to &?(k-I), all those pores are filled 
with capillary condensate, whose mean 
radius rk, corresponds to the mean pressure 
over the pressure interval. Before capillary 
condensation took place, the pores only 
carried an adsorbed layer at their walls, 
with mean thickness trk,zk. 

(2) Over the same pressure interval, for 
all the pores belonging to groups not yet 
filled with capillary condensate, viz., pores 
belonging to groups with wider mean pore 
radius than the radius rk, an increase in the 
thickness of the adsorbed layer takes place. 
This increase is dependent not only on the 
pressure but also on pore radius, and has to 
be calculated separately for each group of 
pores not yet filled with capillary condensate, 
thus for (k - 1) groups. 

When the total pore length of the pores 
belonging to the Lth group of pores, filling at 
a relative pressure between xk and x(k-1), 

with a corresponding mean pore radius rk, is 
denoted by Lk, the total surface area by Sk, 
and the total pore volume of pores in this 
group by vk, then it is immediately clear 
that the change in volume condensed in the 
porous system over the kth interval, Avkc, is 
given by 

filikC = T(?“,c - trk,zk)2Lk 

k-l 

+ 7 1 Li[(ri - t,i,zk)’ - (f-i - tri,z(k--1))‘] 

is1 

(7) 

the first part of the right side of (7) corre- 
sponding to the increase in adsorbed volume 
on account of pore filling, the second part 
corresponding to increase in thickness of t.he 
adsorbed layer in the pores not yet filled 
with capillary condensate. 

With the aid of the obvious relations 

& = .%rkLk (8) 

and 

vk = .Irrk2Lk 69, 

and after rearranging, Eq. (7) may be 
written as 

x [(ri - tri,zk)2 - (Ti - tri,z(k-1))21 

k-l 

.[Av?-~ &(tri,s(k-I) - tri,tk) 

i=l 
k-l 

+ 
c 

g. (t2ri,dk-1) - t’ti,zk) 1 W-N 1 
i=l 

By means of Eq. (lo), the whole pore 
distribution may be performed, starting 
with the first interval, and in each step 
making use of the values of Sa obtained from 
the preceding intervals. The volume of the 
pores in the kth group, vk, may directly be 
computed for each pore group by means of 
Eq. (9). The calculation is seen to be 
straightforward but tedious for desk calcula- 
tions, on account of the summation series at 
the right side of (lo), and the necessity of 
making use of a table of tri,zk values. In the 
usual calculation methods (5), t is assumed 
to be only a function of the pressure, but not 
of the pore radius. In this case, formula (10) 
reduces to a far more simple formula, 
already derived before by several authors 
(6, 7): 

sk = (Tk ?tzk)” A.vk’ - (tz(k--1) - tzk) 

k-l k-l 

X 
c 

A$ + (t2z(k-1, - t2zk) 
si c 1 2r, (11) i=l i=l 

Equation (11) in fact is a refinement of the 
original formula of Barret, Joyner, and 
Halenda. It has recently been discussed in 
detail by de Vleesschauwer (?‘). 
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For a rigorous application of the con- 
cepts exposed in Part IX of this series, it is 
necessary to apply (10) instead of (11). The 
pressure intervals were chosen as 0.005 
relative pressure between 2 = 1.000 and 
x = 0.900, and as 0.02 relative pressure 
between 0.90 and the lower limit of applica- 
tion of (10) (see next section). The mean 
radii of the pores, filling over the lath 
interval of the isotherm, were taken to be 
equal to the radii of the pores, filling at the 
mean relative pressure over the interval. 
These radii are presented in Table 3. The 
corresponding values for t have to be taken 
from an extension of Table 1, which may be 
calculated by means of Eq. (4). Upon 
summation of V/Tk and Sk over all the intervals 
of calculations, the cumulative surface area 
S,,, and the cumulative pore volume V,,,, 
are obtained. Under certain restrictions 
(reliability of the chosen pore model, 
absence of micropores), X,,, and V,,, may 
be expected to be of the same order as SBET 
and VP as directly determined from the 
isotherm. 

7. THE LOWER LIMIT OF APPLICATION 
OF THE PORE DISTRIBUTION CALCULATION 

In principle, the pore distribution calcula- 
tion has to be extended from saturation down 
to the pressure where a t plot of the adsorp- 
tion isotherm shows a straight part going 
through the origin of the t plot. This is 
impossible in the c%se of micropores (radii 
lower than 10 to 15 A), where the linear part 
of the t plot is often situated at too low a 
pressure. In special cases, such a plot 
exhibits a second straight part at higher 
relative pressures, corresponding to pores 
having an appreciably larger radius. In such 
a case, S,,, may be compared to the slope of 
the part of the t plot representing the surface 
area present in the group of wider pores. In 
general, care must be taken in extending the 
calculations to very low relative pressures, 
as the formulas for pore radii and equilib- 
rium thickness are bound to be less reliable 
in the monolayer region, where the method 
of Part IX is expected to break down. 

Another problem is that the point where 
deviation from the linear t plot first occurs, 
does not coincide in general with the closing 
point of the hysteresis loop. Thus, in t,he 

total distribution calculation, a certain 
number of pores is included, which show no 
hysteresis and for which the corresponding 
pore radii are chosen too small, when Table 3 
is used. Correspondingly, the calculated 
cumulative surface area will be too high, in 
comparison with the BET surface area. It 
would in principle be better to apply the 
radii that may be derived from Eq. (16) of 
Part IX of this series to these pores, where 
capillary condensation turns out to be 
reversible v+ith respect to evaporation. 
There is no sense in stopping the distribu- 
tion calculation at the closing point of the 
hysteresis loop, when deviations from the 
t plot clearly indicate the presence of pores 
beyond the closing point of the hysteresis 
loop; the cumulative surface area must be 
expected to be low for the closing point ill 
such a case. 

In the present article, the point where the 
first deviation from the linear t plot occurs, 
has been taken as the lower limit of the pore 
distribution calculation. If this point is 
situated at a lower pressure than the closing 
point of the hysteresis loop, the cumulative 
areas may be expected to be too high and 
the results less accurate for those pores that 
are smaller than corresponding t,o the 
closing point of the hysteresis loop. 

8. APPLICATIONS 

The proposed method of calculation has 
been applied to a number of isotherms, 
already published before, of different sam- 
ples of aluminas (8) and zirconias (9). For 
comparison, the pore distribution has been 
repeated by means of the Cohan equation 
(10) and making use of the simple formula 
(II), viz., a classical pore distribution 
making use of the Cohan equation and 
applied to the adsorption branch. 

In Table 4, the results of the computations 
for different isotherms have been gathered, 
together with the pressure where the first, 
deviation from the t plot takes place (the 
lower limit of pore distribution calculation), 
the closing point of the hysteresis loop, the 
measured BET surface area, and the pore 
volume, as determined from the isotherms 
when extrapolated to p/p,, = 1. 

As might be expected, the cumulative 
areas calculated are somewhat high in 
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TABLE 4 
CUMULATIVE SURFACE AREAS AND PORE VOLUMES, AS CALCULATED BY MEANS OF EQ. (ll), 

AS COMPARED TO THE APPLICATION OF COHAN’S EQUATION 

Sample code 

P/PO of first 
deviation 

P/PO of 
closing poipt VCUIYI 

Au- from linear of hf;iF SBET Smn Ghan 
thor t plot W/g) W/d ma/ 

soya cgan 
b&9 (J&i, (ml/d 

By 580 
By 750 
BOW 450 
MiBo 5 
A120 
A270 
A450 
A750 
Zr0~280 
Z&-320 
zror390 
ZIG-450 

a 0.24 0.42 243 
a 0.24 0.46 134 
a 0.70 0.40 68” 
a 0.26 0.38 255 
a 0.26 0.40 609 
a 0.30 0.51 556 
a 0.34 0.51 414 

b” 0.63 0.14 0.63 0.42 280 240 
b 0.19 0.45 180 
6 0.36 0.53 100 
b 0.64 0.64 64 

240 382 0.434 0.430 0.427 
147 232 0.464 0.472 0.468 

64 110 0.479 0.479 0.479 
273 475 0.496 0.507 0.570 
673 1040 2.03 2.05 2.15 
591 890 1.74 1.77 1.86 
496 708 1.78 1.82 1.88 
295 485 2.05 2.04 2.06 
249 504 0.252 0.254 0.323 
194 390 0.201 0.190 0.262 
107 182 0.183 0.205 0.215 
67 119 0.190 0.197 0.218 

5 Isotherms as measured by Lippens (8, 11). 
* Isotherms as measured by Rijnten (9). 
c Surface present in wide pores, as determined from the t plot. 

comparison with the BET surface area in 
nearly all cases. The deviation is approxi- 
mately lo%, except for the preparation 
A450 of Lippens, where the deviation 
amounts to even 20’9& Nevertheless, a 
comparison with the values calculated by 
means of Cohan’s predicted pore radii 
indicates that the use of the corrected pore 
values, with the aid of Eq. (lo), leads to 
considerably better results, probably of the 
right order of magnitude. The cause of the 
deviations is probably the fact that the 
calculation is extended over groups of pores 
where reversible capi1lar.y condensation takes 
place. For this behavior, there may be two 
different reasons : 

(a) If the pore diameters are nonuniform, 
the pores may become blocked for a 
certain thickness of the adsorbed 
layer. If the blocking takes place in 
the pore rather than at, the mouth of 
the pore, the pore behaves as a pore 
closed at one end, and no hysteresis 
takes place. In such a case the filling 
of the pore is governed by the same 
equation as the capillary evaporation 
and is given by Eq. (16) of Part IX of 
this series, leading to a larger pore 
radius than used for the calculations. 

(b) For very narrow pores, hysteresis 

inception may occur (see Section 4 of 
Part IX), so the behavior again is 
represented rather by the equations 
for desorption than by adsorption. 
All the same, a comparison with the 
original equation of Cohan leads to a 
preference for the concepts presented 
here, especially when the distribution 
curves are plotted. Some examples are 
given in Figs. 2 and 3. It is seen that 
the quantitative application of Co- 
han’s equation leads to absurd curves 
in most, cases, exhibiting a sharp 
maximum far higher than the total 
BET surface area present. It thus is 
shown that pore distributions may be 
calculated from the adsorption branch 
of an isotherm in the case of hysteresis, 
despite the metastability of this 
branch, provided the proper correc- 
tions for adsorption are made. 

9. SIMPLE APPROXIMATION FOR THE 
CALCULATION OF PORE DISTRIBUTIONS 

ALONG THE ADSORPTION BRAXCH 

In the preceding section it was shown that 
Eq. (10) is applicable for the calculation of 
pore distributions from the adsorption 
branch of a nitrogen sorption isotherm if an 
electronic computing device is at hand. If 
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Fm. 2. Examples of pore distribution curves, as calculated with the aid of Eq. (10) and making use of 
the radii presented in Table 3. The examples are taken from the preparations presented in Table 4. 

no such a device is available for routine 
work, then an approximative calculation 
method is possible, which, although it is not 
exact., gives reasonable semiquantitative 
results in most cases. 

It was shown in Section 4 that for not too 
wide pores the formal thickness of the 
adsorbed layer is approximately equal to the 
thickness of the adsorbed layer on a flat 

surface, as given by the t curve of multi- 
molecular adsorption. This fact may be used 
for the computation of pore distributions in 
the following way: 

Returning to the analysis given in Sec- 
tion 6, it turned out that the difficulty in 
calcuIating the connection between the 
amount desorbed AVk” over a certain pres- 
sure interval and the area present in pores 



26 BROEKHOFF AND DE BOER 

100 

FIG. 3. Examples of pore distributions curves, as calculated with the aid of Eq. (11) and making use of 
the radii calculated from Cohan’s equation. The examples are taken from the preparations presentedjn 
Table 4. 

with radius rk, was seated in the application 
of the correction term for the change in 
thickness in the adsorbed layer in all the 
pores not filled with capillary condensate. 
According to the analysis of Section 6, this 
correction is given by a complicated sum- 
mation series [see Eq. (7)]. If the result of 
Section 4, viz., the equality of the formal 
thickness to the thickness of the adsorbed 
layer at a flat surface at the same pressure, 

would apply strictly, then the correction 
term would simply reduce to the following 
equation : 

k-1 

(tz(k-I) - lzk) 2 &, 

i=l 

and the fundamental equation for calculat- 
ing the pore distribution could be written as 
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I;-1 

[ 
AV,O - (tz~ - fzk) Cl si (12) 

i=l 

Equation (12) is much simpler to handle 
than Eq. (10). However, a certain loss of 
accuracy occurs, leading to results fre- 
quently being high in comparison with the 
results from Eq. (10). Its application should 
be restricted to semiquantitative routine 
work and only when an electronic computer 
is lacking. Especially the representation of 
wider pores is erroneous, the thickness of the 
adsorbed layer here being appreciably 
higher than is predicted from the accidental 
equality of the formal thickness of the 
adsorbed layer and the thickness on a flat 
surface at the same pressure. On account of 
the fact that the calculation of the Lth step 
of the pore distribution computation makes 
use of the results of all preceding k - 1 steps, 
erroneous resuIts in the preceding steps will 
influence the results of the kth step. It is 
important to realize that for every method of 
pore distribution calculation, this internal 
dependence exists, even leading to a tend- 
ency to “correct” the errors of the preceding 
steps when a pore distribution calculation is 
extended down to very small pressures. 
A pore distribution calculation, therefore, 
should always be performed in conjunction 
with an analysis of the t plot, showing the 
lower limit of application of the pore 
distribution, viz., the pressure where no 
pores are to be expected any more, or the 
presence of micropores, where the concepts 
underlying pore di&ribution calculations are 
no longer viable. 

10. CONCLUSIONS 

It has been shown that the adsorption 
branch of a nitrogen sorption isotherm may 

be used for the calculation of pore distribu- 
tion in the case of the existence of an A-type 
hysteresis loop, making use of the model of 
open cylindrical pores and of the equations 
derived in Part IX of this series. The 
results of this calculation have been shown 
to be a major improvement over the results 
obtained by making use of the Cohan equa- 
tion, viz., the Kelvin equation as applied to 
the cylindrical meniscus formed by the 
adsorbed layer present in open cylindrical 
pores. The treatment given here is an 
example of the rigorous application of the 
t curve of multimolecular nitrogen adsorp- 
tion to the analysis of porous systems. 
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